Let G be a semisimple algebraic group of hermitίan type defined over Q, let £ = G R /K, where K c G is a maximal compact subgroup, be the symmetric domain associated to G, let Γ be an arithmetic subgroup of G, let (π, E) be a finite-dimensional representation of G defined over Q, let Φ:= Γ \ £, and let £ be the locally constant sheaf over °tt associated to (π, E). Then under certain conditions on G, Γ and (77, £), the quotient ^ is a complex projective variety and there exists a Kuga fiber variety Ψ*, i.e., a complex projective variety with the structure of an analytic family of abelian varieties parametrized by °l/, such that H a (<%\ S) may be identified with a subspace of i/*(^~; Q). The purpose of this paper is to show that for a certain class of nontrivial O, £) the subspace of H*(f"\ Q) with which H a {%\ <f) is identified is algebraically defined, or in other words that this subspace is contained in H'd^; Q) for some r and a projection from W{Ψ*\ Q) to it is induced by an algebraic class in H*(i^X *V\ Q). In particular, since the projection of an algebraic class in ϋΓ(^; Q) is again an algebraic class, this paper provides an answer to the question of how to define algebraic classes in H a (fft\ <f) for some nontrivial local coefficient systems i.
Introduction. Let G be a semisimple algebraic group defined over Q, of hermitian type and Q-rank zero, and let Γ be a torsion-free arithmetic subgroup of G which is Zariski dense in G even when G R has compact factors [1] and contained in the identity component of G R . Further, let H =s G R /K, for some maximal compact K c G R , be the symmetric domain associated to G, and let (σ, W,β) be a symplectic representation of G defined over Q. In 1963 Kuga [12] showed how to associate to (G, Γ, X, (σ, W 9 β)) together with some additional data an analytic family Ψ* of abelian varieties parametrized by the locally symmetric variety°l ί\= T\dί such that if (σ, W 9 β) satisfies a certain analyticity condition (condition (H λ ) y cf. paragraph 1A below) then Ψ~ is a complex projective variety. Such a variety Ψ* is called a Kuga fiber variety; cf. paragraph 1C below for more details.
One of Kuga's many motivations for studying Kuga fiber varieties was the observation that they provide a natural algebraic-geometric realization for the cohomology of arithmetic groups with nontrivial coefficients. That is, suppose (TΓ, E) is a representation of G defined over Q which is contained in some exterior power Λ*(σ, W) of (σ, W). Then there is an embedding of H a (T; E) into i/" +z> (^; Q) which depends only on a choice of base point in £ (Lemma ID). We call the image of H a (T; E) in H a+h {i^\ Q) the representation-theoretic component of #*(^; Q) corresponding to H a (T; E). Since H a (T; E) is isomorphic to H a {<%\ g) where $ is the locally constant sheaf on °U associated to (π, E) 9 the same representation-theoretic component of H*{i^\ Q) also corresponds to this space; however, it is just a little bit simpler to state our results in terms of H a (T; E). The purpose of this paper is to prove the following theorem.
THEOREM 1. Let G be a semisimple algebraic group defined over Q, of hermitian type and Q-rank zero, let Γ be a Zariski-dense arithmetic subgroup of G which is torsion-free and contained in the identity component of G R , and suppose (TΓ, E) is a Q-privileged representation of G. Then there exists a Kuga fiber variety i^ such that the representation-theoretic component of H*(i r ; Q) corresponding to H a (T; E) is an algebraically defined subspaceofH*(τT;Q).
Some explanations are in order. Firstly, in general a subspace H\Ji\ Q) of the rational cohomology H*(s/\ Q) of a complex projective variety stf is said to be algebraically defined if E\Jί\ Q) c H r (s/; Q) for some r and there is a projection from H\srf\ Q) to H r {Jί\ Q) induced by an algebraic class in H*(jtfXs*f; Q); cf. paragraph IE for more detail. Philosophically the distinction between an algebraically defined subspace of the rational cohomology of a complex projective variety and the Betti realization of a motive [2, §0; 8; 14] is quite small, but it does depend on a "standard conjecture" of Grothendieck [7] not yet proved; again, cf. paragraph IE. In any case, if H\Jί\ Q) c H r (s/; Q) is an algebraically defined subspace, then algebraic classes in H r (s/;Q) project to algebraic classes in H\J(\ Q). Thus, remembering that Φ:= Γ \ dί is also a complex projective variety [8] , Theorem 1 provides, in certain cases, an answer to the question of how to define algebraic classes in H\<%\ S) (or H a (T; E)) when £ is a nontrivial local coefficient system associated to a representation (π; E) of G.
Secondly, we say that a representation (π, E) of G defined over Q is privileged over Q, or Q-privileged, if (a) there exists a symplectic representation (σ,W 9 β) of G defined over Q which satisfies the analyticity condition (H λ ) (cf. paragraph 1A) such that (π, E) is contained in some exterior power Λ*(σ, W) of (σ, W) 9 and (b) the projection from A b W to E satisfies a certain condition, which in case G R has no compact factors is that the idempotent inducing this projection should belong to the subalgebra of End Q (A h W) generated by the natural image therein of Έnd G (W), where End G (W) is the commutator algebra of σ(G) in End Q (W). For more details, cf. paragraph IB. Some examples of privileged representations are discussed in paragraph 3B; we mention here only that if G is a Q-simple Q-form of a classical group, such as a unitary or symplectic group, and G R has no compact factors, then every Q-primary representation of G is also privileged over Q.
Thirdly, we remark that the requirement that Γ be torsion-free and contained in the connected component of G R should be thought of as more technical than substantive, since any (Zariski-dense) arithmetic subgroup of G will contain a normal subgroup of finite index satisfying these conditions [21, Lemma IV.7.2]. We also observe that much of the theory of the present paper can be carried over to the case where G has Q-rank greater than zero. In this case °ίί and y\ as defined here, are noncompact quasiprojective varieties, so it would be necessary to restrict attention to the compactly supported cohomology. Alternatively, sometimes it is reasonable to compactify °lί and *f and then work with the relative cohomology. However, we will not pursue these ideas any further in the present work, though we hope to return to them sometime in the future.
Finally, regarding the proof of Theorem 1 there are two key points to be noted. Let J^ be a generic abelian variety in the family Ψ*. Then under the natural identification of H*(^; Q) with A*(W Q ) (cf. (5)), the condition that (π, E) be a Q-privileged representation of G contained in A b W, together with a proposition of Kuga [13, §F] (cf. (3)) about the endomorphisms of J^, implies that E is an algebraically defined subspace of #*( J^; Q) such that a projection from H b (^; Q) to E can be induced by some combination of (the graphs of) endomorphisms of J^. The second key point, embodied in Lemma 2B, is that an endomorphism of J*" can be extended in a natural way to an endomorphism of y, so that the extension of whatever combination of endomorphisms of & induces a projection from H b (^; Q) to E can be used to induce a projection from H a+h (^; Q) to the subspace corresponding to H a (T; E\ showing that this subspace is algebraically defined.
In order to get to the proof of Theorem 1 as quickly as possible, the necessary definitions are collected together in §1 and discussion of examples is postponed until §3. The proof of the theorem occupies §2.
like Theorem 1 in a special case. He also wishes to thank Professor S. Kudla for some suggestions for simplifying the proof of that theorem. commutes. When we wish to think of the Eichler map as associating a complex structure on W R to a point xG ϊ we may write J x for τ( c).
DEFINITION. When G is of hermitian type, so that X may be given the structure of a hermitian domain, then a symplectic representation (σ, W, β) of G defined over Q is said to satisfy condition (H λ ) iff σ preserves the Cartan decomposition (so that the Eichler map induced by σ is holomorphic). For example, if T is an element of Q(G, W) F and i 7 contains all the eigenvalues of Γ, then every characteristic subspace of T is privileged over F. For the projection P:A b W ^> E from A b W to a characteristic subspace £ of Γ is a polynomial in Γ with coefficients in F [17, Thm. 6.1], hence P is also in Q(G, W). In particular, we deduce the following.
α5 α G-module over F, and each term on the right-hand side of (1) is privileged over F.
Proof. The decomposition (1) is clear, since the exterior product of two disjoint G-(sub)modules is isomorphic to their tensor product. Then the terms on the right-hand side of (1) Then the quotient ^:= Γ\($X (WR/Λ)), which is well-defined by (2), is a C°°-torus bundle over %:= Γ \ £, where the projection φ:^-> ^ is induced by the natural projection X X (W^/K) -> 3L Moreover, the fibers of φ can be given the structure of polarized abelian varieties: For when F x := x X W R /A, with JC e 3£, is endowed with the complex structure J x and the polarization β, it follows from (2) that the abelian variety (F χ9 J χ9 β) is isomorphic to (F y{x) , / γ(Jc) ,β). Then φ~\u) may be unambiguously identified with (F x ,J x ,β) whenever x e 36 is a preimage of u e ^, and ^ may be called a group-theoretic family of abelian varieties.
If, in addition, G is of Q-rank zero, then % and Ψ* are compact ( [2] or [18] ), and if furthermore G is of hermitian type, then °ίί can be embedded as a complex projective variety [10] . And finally, if (σ, W, β) satisfies condition (H^ as well, then oΓ, too, can be embedded as a complex projective variety in such a way that φ: y"-> °ll is holomorphic ( [12] , or cf. [21, Ch. IV]). When all these conditions are met, the grouptheoretic family of abelian varieties Ϋ* is called a Kuga fiber variety. Various properties of Kuga fiber varieties have been studied by Kuga and his students (among others); see [14] and the bibliography there. Here we merely remark that when u is a generic point of ^, then there is a natural isomorphism (3) End^DβQsφ,^, see [13, §F] .
D. Representation-theoretic components. In this paragraph we make some observations about the cohomology of a group-theoretic family of abelian varieties (although everything we will say in this paragraph can be applied to the more general situation of a torus bundle over a locally symmetric space). We assume only that Y and <% are compact. Then the following lemma is implicit in [14, (1.3. 3)]; however, some comments concerning its proof will help to establish our notation. 
(T; E).
Proof of lemma {sketch). Given a base point JGI, say x = K when 36 <-> G^/K, with ΓJC =: u e ^, there is an identification DEFINITION. When si is a smooth (complex projective) algebraic variety, a subspace H\Jΐ\ Q) c H\si\ Q), for some r, is said to be algebraically defined iff there exists an algebraic cohomology class Ξ e H*(s/Xjtf; Q) such that a projection #'(J/; Q) -> H\Jί\ Q) is obtained by lifting a class from H r ( si\ Q) to H*( s/X sί\ Q) via the first projection, cupping with Ξ, and taking the image in H r (s/; Q) under the Gysin homomorphism associated to the second projection.
To describe the nature of Ξ more fully, let AZ(s/X sί\ Q) denote the Q-algebra generated by the set of all irreducible closed subvarieties in si X si of dimension equal to that of si, where multiplication is defined by Q-linearly extending the usual composition of algebraic correspondences and the diagonal serves as identity. Then the fundamental class map C •-> cl(C), for CCJ/XJ/, extends to a Q-linear map from iZ(j/X^/; Q) to ^*(J/X si\ Q). Thus an algebraic class Ξ inducing a projection H r (sf; Q) -> H\Jt\ Q) as above is the fundamental class of an idempotent in AZ(s/X si\ Q). Such a class in H*(s/X sί\ Q), or any idempotent in AZ(s#X si\ Q) representing it, may be referred to as an algebraic projector.
REMARK. A subspace H\Jί\ Q) c H*(ji; Q) is said to be motivic, or more precisely in the context of complex projective varieties, the Betti realization of a motive, if there exists an algebraic projector in H*(siX si\ Q) inducing a projection from i/*( J/; Q) to H\Jt\ Q) [3, §0; 9; 15]. The obstruction to showing that an algebraically defined subspace is motivic is that it is not known whether H\srf\ Q), as a subspace of H*(s/; Q), is motivic. This would follow if the Kϋnneth components of the diagonal class in ίί*(j/Xj/; Q) were known to be algebraic, which is one of Grothendieck's "standard conjectures" [7] .
2. The proof. Let G be a semisimple algebraic group defined over Q, of hermitian type and Q-rank zero, let Γ be a Zariski-dense arithmetic subgroup of G which is torsion-free and contained in the connected component of G R , and suppose (TΓ, E) is a Q-privileged representation of G. Then by assumption there exists a symplectic representation (σ, W, β A. Groups and representations satisfying condition {H λ ). Satake [20] has studied the first question and answered it under the additional assumption [20, Part III, eqn. (9) ] that the symplectic representation (σ, W, β) comes from an absolutely irreducible representation of one absolutely simple factor of G. He also showed [19, Thm. 2] that this additional condition holds when G R has no compact factors, if (σ, W) is assumed to be primary over Q to begin with. However, if (σ, W) is any representation of G over Q admitting a symplectic structure (with which it satisfies (H λ )), then it has a decomposition into Q-primary components each of which itself admits a symplectic structure (with which it satisfies (H^)) [20, §2.1]. So it suffices to consider only Q-primary representations (σ, W). On the other hand, as far as condition (i^) is concerned, we may assume without loss of generality that G is simply connected as an algebraic group. Furthermore, under the assumption that (σ, W) comes from an absolutely irreducible representation of one absolutely simple factor of G, it is enough to consider only Q-simple G, for the extra assumption implies that σ is nontrivial on only one Q-simple factor of G [20, §7.1]. With these assumptions, then, Satake concludes [20, §8.1] that the Q-simple algebraic groups possessing a symplectic representation satisfying condition (HJ are of the form G = Λ/yqίGi) for some totally real algebraic number field F and some absolutely simple, simply connected algebraic group G x over Fof type (I) , (II) , (III.l), (III.2), (IV.l) or (IV.2).
As for what Q-primary symplectic representations of these groups satisfy the above assumptions as well as condition (H λ ) 9 Satake shows [20, §8.3 ] that in addition to the "standard solutions" in the first four cases, where (σ, W) is equivalent to some number of copies of R F/ Q(PI), with p λ equivalent over F to the identity representation of G 1? there are also "nonstandard solutions" for the groups of type (IV.l), (IV.2) and (Γ), and these are all. For further details, see [20] .
B. Some privileged representations. The next problem is to look for Q-privileged representations of the groups on Satake's list which are contained in the exterior powers of symplectic representations satisfying condition (Λ x ). In this section we will restrict attention to symplectic representations (σ, W, β) such that the linear closure of σ(G R ) in End( W R ) contains the space τ(3E) of complex structures on W R . For under this hypotheses, which is satisfied when G R has no compact factors [13, §F] , C λ (G, W) is precisely the commutator algebra of σ(G) in End(W). Then using classical invariant theory, when G is a Q-form of a classical group we have the following result. • EXAMPLE OF TYPE (III.2). Suppose G Q is the group of units of norm 1 in a totally indefinite quaternion algebra B over a totally real number field F of degree s over Q. Let 0 be an order in B, and Γ a torsion-free subgroup of finite index in the group of norm 1 units of Θ. 
H 2 (T; E)
, where E is the space of p 2k ° p λ ® p 2k ° p 2 , with p 2k being the symmetric tensor representation of SL 2 of degree 2 k and p t being the projection onto the ith factor for / = 1,2. Then a suitable collection of Γ(*, V) were constructed and a special case of Theorem 1 implied that the components in H Ak+2 (Jί\ Q) of the fundamental classes cl[Γ(t, V)] of the T(ι, V) were algebraic. Then harmonic differential (2k + 1,2k + 1) forms on y representing these classes in H Ak+1 (Jί\ Q) were constructed, their pairwise intersection multiplicities (cup products) were computed, and it was shown, in the manner of Hirzebruch and Zagier [8] and Kudla [11] , that the generating function for these intersection numbers was a modular form of higher weight, cf. [5] for more details.
